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^ \ Abstract. It is well known that a domain without proper strongly 

divisorial ideals is completely integrally closed. In this paper we 
ON \ show that a domain without prime strongly divisorial ideals is 

not necessarily completely integrally closed, although this prop- 
erty holds under some additional assumptions. 
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Introduction 



The strongly divisorial ideals of a domain R are the nonzero conduc- 
tors (R : T) for some overring T of R. They can be used to describe the 
complete integral closure R* of R; in fact R* = \J(R: I), where / runs 
throughout the set of the strongly divisorial ideals of R. In particular, 
R is completely integrally closed, (that is R — R*), if and only if R 
<N ■ has no proper strongly divisorial ideals t 3j- This paper deals with the 

q ; following question Problem 11, page 461]: 

Question. Is a domain R completely integrally closed if R does not 
have strongly divisorial prime ideals? 



We show that in general the answer is negative, and give conditions 
on R for a positive answer. 

The positive results are collected in Section 1. We first prove some 
criteria useful to establish when a domain having a proper strongly 
divisorial ideal is forced to have a strongly divisorial prime ideal. We 
prove that an ideal which is maximal in the set of proper strongly 
divisorial ideals of a domain is prime (Proposition 11.3ft and we give 
conditions sufficient for a strongly divisorial ideal to have a strongly 
divisorial minimal prime ( Lemmas 11.61 and ll.7|) . 

Applying these results, we show that the answer to the question 
above is positive for some classes of domains. We prove in Proposition 
11.81 that if a domain has a proper strongly divisorial ideal containing 
a power of its radical and if this radical is an irredundant intersection 
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of primes, then the domain contains a strongly divisorial prime ideal. 
We note in Lemma 11.91 that in a seminormal domain each strongly 
divisorial ideal is radical, and so the first assumption of Proposition 
11.81 is always satisfied in the seminormal case. As another consequence 
of Proposition II. 8[ we give a positive answer for any pullback of a 
Noetherian domain ( Theorem I l.llj) . 

We also answer the above question affirmatively for the class of do- 
mains with the property that each maximal t-ideal is divisorial (Propo- 
sition^^)). This class includes Noetherian, Mori, TV- and pseudo- 
valuation domains. Indeed a domain of this kind without strongly di- 
visorial prime ideals is a Krull domain, as it is pointed out in Theorem 
11.131 where there are given several other equivalent conditions in terms 
of ideals. A domain without strongly divisorial primes satisfying the 
stronger property that each maximal ideal is invertible is a Dedekind 
domain ( Corollary II. 15|) . 

There are also other important classes of domains for which the 
question has a positive answer; for example valuation domains (more 
generally, TP-domains or Priifer RTP-domains) and one- dimensional 
seminormal domains with finitely many maximal ideals (Proposition 

ETU). 

On the other hand we do not know the answer in case of a one- 
dimensional seminormal domain. 

In Section 2 we give examples of domains that are not completely 
integrally closed but do not have strongly divisorial prime ideals. The 
first two examples are quasilocal and one-dimensional domains whose 
maximal ideal is not divisorial. The conductor of the complete integral 
closure is zero in the first example and is nonzero in the second one. 
These two domains are Archimedean and not seminormal by Proposi- 
tion 11.171 The third example is an infinite dimensional domain with 
nonzero conductor in its complete integral closure, and can be chosen 
to satisfy or not either one of the conditions of being Archimedean or 
seminormal. In the seminormal case, the conductor is a strongly divi- 
sorial radical ideal (Lemma 11.9)1 such that all its minimal primes are 
strong but not divisorial. 

Throughout this paper, R will denote an integral domain with quo- 
tient field Qf(-R) = K. For a pair of fractional ideals / and J of a 
domain R we let (J : /) denote the set {x G K\xl C J} and (J \r I) 
denote the set {x G R\ xl C J}. As usual, we set I v = (R : (R : I)) 
and It = (J J v with the union taken over all finitely generated fractional 
ideals J contained in I. An ideal / is a v-ideal, or divisorial, if / = I v , 
and it is a t-ideal if / = I t . The v- and the t-operations are particular 
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♦-operations. If (R : I) = (I : I), that is, I = I(R : I), we say that / 
is a strong ideal or a irace ideal. A strongly divisorial ideal is an ideal 
that is strong and divisorial and a maximal strongly divisorial ideal is 
an ideal that is maximal in the set of the proper strongly divisorial 
ideals. A maximal t-ideal is an ideal that is maximal in the set of the 
proper integral t-ideals. A general reference for systems of ideals and 
♦-operations is [TU] . 

A nonzero element x G K is said to be almost integral over R if 
there is a nonzero element d G R such that dx % G R, for % > 0. This 
is equivalent to saying that all the powers of x belong to a finite R- 
module or that they generate a fractional ideal of R. The complete 
integral closure of R in K, which we denote by R*, is the set of the 
elements of K that are almost integral over R. One says that R is 
completely integrally closed if R = R*. 

If an element is integral over R, then it is almost integral, and if 
R is Noetherian the converse holds. Thus, if R! denotes the integral 
closure of R in K, one has R C R' C R*, and if R is Noetherian then 
R' = R*. It is well known that R* is always integrally closed, but many 
examples have been given to show that it might not be completely 
integrally closed. However, R* is completely integrally closed if the 
conductor (R : R*) is a nonzero ideal, that is, if R* is contained in a 
finite i?-submodule of K (see for example 

1. Positive results 

In this Section we give some criteria which are useful for establishing 
when a domain having a proper strongly divisorial ideal has a strongly 
divisorial prime ideal and we apply our criteria to give a positive answer 
to the Question in the Introduction for some classes of domains. 

We start by proving that a maximal strongly divisorial ideal is prime. 

Lemma 1.1. Let R be any ring and let S be a set of proper ideals of 
R. Assume that {I : R x) G S for any I G S and nonzero x G R \ I . 
Then an ideal of R that is maximal in S is prime. 

Proof. Let / be an ideal that is maximal in S and let x, y G R such 
that xy G / and x ^ I. We have / C (I : R x) G S. Hence (J :rx) = I 
and y G (J :r x) — I. It follows that / is a prime ideal. □ 

Lemma 1.2. Let R be an integral domain, I a proper strong ideal of 
R and x G (R: T)\I- Then (I :^ x) is also a proper strong ideal of R. 

Proof. Clearly J = (I \rx) is a proper ideal of R containing I. Hence 
(R: J) C (R: I) = (I : I). Moreover, (R : J)Jx = (/ : /)(/ : R x)x C 
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I. Thus (P : J)J C (J : R x) = J, which implies that (P : J) = (J : 
J). □ 

Proposition 1.3. If I is a maximal strongly divisorial ideal of an 
integral domain R, then I is a prime ideal of R. 

Proof. If J is a proper strongly divisorial ideal of R and x G R\I, then, 
by Lemma fl. 21 the ideal (J x) is proper and strongly divisorial. We 
conclude by applying Lemma 11.11 to the set S of the proper strongly 
divisorial ideals of R. □ 

We observe that the proof of the previous proposition yields the 
following more general: 

Proposition 1.4. For any ^-operation, a maximal strong *-ideal is 
prime. 

We now give conditions sufficient for a strongly divisorial ideal to 
have a strongly divisorial minimal prime. It is known that a prime 
ideal minimal over a divisorial ideal is a t-ideal and that a minimal 
prime of a strong ideal is strong ^T] Proposition 2.1]. 

Lemma 1.5. If a divisorial ideal I of a domain R contains a power of 
its radical, then y/1 is divisorial. 

Proof. By assumption, (V7) n C J for some n > 1. Thus ((Vl) v ) n C 
{{\/l) n ) v Q I- Hence (VT)„ C yl and so y/l is divisorial. □ 

Lemma 1.6. If a divisorial ideal I of a domain R is an intersection 
of primes and the prime P is essential for this representation (that is, 
it cannot be omitted), then P is divisorial. 

Proof. Let / = Haga ^ x ^ e a divisorial ideal, where the Pa are primes, 
and let /x G A be such that J := DfA^/4 ^ 2 Pp- ^ e have (/ : fi J) = 
ri{AeA}(^A : r J) — Pfi since, for all A, J C P x if and only if A \i. It 
follows that P^ is divisorial. □ 

Lemma 1.7. Let {Pa}aga be a family of prime ideals and let I = 
f] XeA P\ be an irredundant intersection. Then the following conditions 
are equivalent: 

(1) I is strong (resp. divisorial); 

(2) Px is strong (resp. divisorial) for each A. 

Proof. By jTTJ Proposition 3.13], (R : I) is a ring if and only if (R : Pa) 
is a ring for each A G A. But, if J is a radical ideal, then (R : J) is a 
ring if and only if (P : J) = (J : J) [2J Proposition 3.3]. Hence I is 
strong if and only if P\ is strong for each A. 
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If P\ is divisor ial for each A, then clearly I is divisor ial. The converse 
follows from Lemma [l.bl □ 

Since the radical of a strong ideal is strong fTJ Proposition 2.1], an 
immediate consequence of Lemmas 11.51 and 11.71 is: 

Proposition 1.8. If a domain R has a proper strongly divisorial ideal 
I containing a power of its radical and this radical is an irredundant 
intersection of primes, then all the minimal primes over I are strongly 
divisorial. 

We now prove that any seminormal domain satisfies the hypothe- 
sis that each strongly divisorial ideal is radical. Hence a seminormal 
domain which has a strongly divisorial ideal that is an irredundant 
intersection of primes has a strongly divisorial prime. 

Recall that a domain R is seminormal if it contains all the elements 
x G K such that x 2 , x 3 G R. 

Lemma 1.9. Let R be a seminormal domain, T an overring of R and 
I = (R: T). Then I is radical in both T and R. 

Proof. It is enough to show that / is radical in T. Let t be an element 
of T such that t 2 G I, thus t 2 T C R, and t 3 T = t 2 (tT) C R. Hence, for 
any x G T, we have {tx) 2 = t 2 x 2 G R and (tx) 3 = t 3 x 3 G R. Since R is 
seminormal, it follows that tx G R and so t G I. □ 

Lemma IT31 leads to a characterization of seminormal domains, which 
is similar to |91 Theorem 1.1]. 

Proposition 1.10. A domain R is seminormal if and only if each 
strongly divisorial ideal I of R is radical in the overring (1:1). 

Proof. If J is a strongly divisorial ideal of R and T — (I : I), then 
I = (R : T). Conversely, if T is an overring of R so that (R : T) ^ 0, 
then the ideal I — (R : T) is strongly divisorial and T C (/ : J) [5J 
Proposition 6]. 

Then, if R is seminormal and I is strongly divisorial, / is radical in 
T= (I : I) by Lemma Ol 

Conversely, assume that i? is not seminormal and let x G K \ R be 
such that x 2 ,x 3 G R. Then the ideal I = (R : R[x}) is not radical in 
(7 : /), because x G i?[x] C (J : I), x 2 e I but x ^ I. □ 

We will give in the next section examples showing that both the 
hypotheses of Proposition 11.81 are essential. In fact the examples given 
in §2.1 and §2.2 are non-completely integrally closed, quasilocal one- 
dimensional domains, such that the maximal ideal M is not divisorial. 
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In these cases no proper strongly divisorial ideal contains a power of 
its radical M. 

On the other hand the example given in §2.3 is a non-completely 
integrally closed domain without strongly divisorial prime ideals which 
can be seminormal (or even integrally closed). In this case, no (radical) 
strongly divisorial ideal is an irredundant intersection of prime ideals. 

We now apply the previous results to obtain other classes of domains 
that are completely integrally closed if they have no strongly divisorial 
prime ideals. 

Theorem 1.11. Let RC-T be integral domains with (R : T) ^ (0). // 

T is Noetherian, then R contains a strongly divisorial prime ideal. 

Proof. Let I = (R : T), thus I is a common proper ideal of R and of 
T. Moreover, / is divisorial as an ideal of R. Since T is Noetherian, 
the ideal I of T contains a power of its radical and it has just finitely 
many minimal primes. Since the radical of / in R is contained in the 
radical of / in T, the ideal I of R contains a power of its radical and it 
is also an (irredundant) intersection of finitely many primes of R. By 
Proposition II .8[ all minimal primes over / are strongly divisorial. □ 

We note that if the domains R and T satisfy the hypotheses of the 
previous theorem, then R is a pullback of T. Moreover, TCfi*. 

We now turn to the case of domains with all the maximal t-ideals 
divisorial. 

Proposition 1.12. Let R be a domain such that each maximal t -ideal 
is divisorial. If R has no strongly divisorial prime ideals, then R is 
completely integrally closed. 

Proof. Suppose, by contradiction, that R is not completely integrally 
closed, that is, that in R there is a proper strongly divisorial ideal. 

Let {I\}\eA be a chain of proper strongly divisorial ideals of R. Then 
the ideal I = IJasa ^ s a ^-ideal and, since each maximal t-ideal of R 
is divisorial, I v is a proper ideal. Moreover, 

(R:I)=f](R:h)=f](I x :h)cf](I:I x ) = (I:I). 

AeA AeA AeA 

Hence I v is a strongly divisorial ideal. 

It follows that R has a maximal strongly divisorial ideal, which is 
prime by Proposition 11.31 □ 

Theorem 1.13. Let R be any domain. The following conditions are 
equivalent: 

(1) R has no proper strong t-ideals; 
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(2) R has no strong prime t-ideals; 

(3) R has no strongly divisorial prime ideals and each maximal 
t-ideal is t-invertible; 

(4) R has no strongly divisorial prime ideals and each maximal 
t-ideal is divisorial; 

(5) R is completely integrally closed and each maximal t-ideal is 
divisorial; 

(6) R is a Krull domain; 

(7) Each t-ideal of R is t-invertible. 

Proof. (1) (2) and (3) (4) are clear. 

(2) =^ (3) follows from the facts that any w-ideal is a t-ideal and that 
a maximal t-ideal is either strong or t-invertible. 

(4) =^ (5) follows from the Proposition 11.121 

(5) (6) is 7, Corollary 2.8]. 

(6) => (7) is well known (see for example [7J Corollary 2.7]). 

(7) =>- (1) is clear. 

□ 

The fact that a domain without strong prime t-ideals is completely 
integrally closed can be also proved recalling that a minimal prime of a 
proper strongly divisorial ideal is a strong t-ideal [TT| Proposition 2.1]. 

A domain in which each t-ideal is divisorial is called a TV^-domain. 
Examples of TV^-domains include Mori, in particular Noetherian, do- 
mains and pseudovaluation domains [P2] . 

The following corollary is immediate by Theorem ll,13l and was proved 
for Mori domains in j3J Corollary 14]; the equivalence (2) (3) in it 
was also proved in jT21 Theorem 2.3]. 

Corollary 1.14. Let R be any domain. The following conditions are 
equivalent: 

(1) R is a TV-domain with no strongly divisorial prime ideals; 

(2) R is a completely integrally closed TV-domain; 

(3) R is a Krull domain. 

An invertible maximal ideal is clearly a t-invertible maximal t-ideal. 
Hence a domain in which each maximal ideal is invertible satisfies the 
hypothesis that each maximal t-ideal is divisorial. In addition, a com- 
pletely integrally closed domain in which each maximal ideal is invert- 
ible is one- dimensional [Tj Theorem 2.1]. Hence we obtain the following 
results. 

Corollary 1.15. Let R be any domain. The following conditions are 
equivalent: 
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(1) R has no strong ideals; 

(2) R has no strong prime ideals; 

(3) R has no strongly divisorial prime ideals and each maximal 
ideal is invertible; 

(4) R has no strongly divisorial prime ideals and each maximal 
ideal is divisorial; 

(5) R is completely integrally closed and each maximal ideal is di- 
visorial; 

(6) R is a Dedekind domain; 

(7) Each ideal of R is invertible. 

Recall that a t-ideal of a domain may be neither strong nor t-invertible. 
However, by Theorem I1.13[ if no proper t-ideal is strong, then all the 
t-ideals must be t-invertible. 

Corollary 1.16. Let R be a domain in which each ideal is divisorial. 
The following conditions are equivalent: 

(1) R has no strongly divisorial prime ideals; 

(2) R is completely integrally closed; 

(3) R is a Dedekind domain. 

An integrally closed domain in which each ideal is divisorial is a 
Priifer Jjjj-domain [6, Theorems 4.3.4 and 4.3.6]. Hence it has the radical 
trace property [SJ Theorem 4.2.28]. 

Recall that R is a Jjjj- domain if each overring S of R has the property 
that, for each pair of nonempty sets of maximal ideals M.\ and Ai 2 of 

5 > fW.M! S m = V\meM2 s m onl y if M x = M 2 - 

A domain satisfying the radical trace property, or an RTP- domain, is 

a domain R such that I(R : J) is a radical ideal, for every noninvertible 

ideal I. That is, R is an PTP-domain if and only if each strong ideal 

of R is radical jHJ Section 4.2]. The property that I(R : I) is a prime 

ideal for every noninvertible ideal /, is called the trace property and 

domains with this property are called TP- domains. Therefore R is 

a TP-domain if and only if each proper strong ideal of R is prime. 

Examples of TP-domains include valuation domains [HI Section 4.2]. 

It follows directly from the definition that a TP-domain without 
strongly divisorial primes is completely integrally closed. 

We do not know whether in general an PTP-domain with no strongly 
divisorial prime ideals is completely integrally closed. However, the an- 
swer to this problem is positive in case R is an PTP-domain with the 
ascending chain condition on radical ideals. In fact, in this case, if 
the set of maximal strongly divisorial ideals of R is not empty, it has 
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maximal elements and these are prime ideals by Proposition 11.31 Re- 
calling that each ideal of a domain with the ascending chain condition 
on radical ideals has finitely many minimal primes, the same result can 
also be obtained by applying Lemma rOl In addition, it is known that, 
if R is an RT P-domain, then each nonzero nonmaximal prime of R is 
strongly divisorial [SJ Theorem 4.2.16]. Hence an RT P-domain without 
strongly divisorial primes is always one-dimensional. It follows that a 
Priifer RT P-domain without strongly divisorial primes is completely 
integrally closed. 

In general a one-dimensional domain without strongly divisorial prime 
ideals may not be completely integrally closed, as we will show in the 
next section. The following proposition is a partial positive result: 

Proposition 1.17. Let R be a one- dimensional domain that is not 
completely integrally closed and such that the intersection of the max- 
imal ideals is irredundant (e.g., R has finitely many maximal ideals). 
If R is either an RT P-domain or seminormal, then it has a strongly 
divisorial maximal ideal. 

Proof. If R is not completely integrally closed, it has a strongly diviso- 
rial ideal which is radical ( Lemma II. 9|) . Since this ideal is an irredun- 
dant intersection of primes, we conclude by Lemma fl. 71 □ 

2. Counterexamples 

In this Section we give examples of domains which are not completely 
integrally closed, but do not have strongly divisorial prime ideals. 

We denote the integral closure of an integral domain R in its quotient 
field by R'. 

§ 2.1. A one-dimensional non-completely integrally closed quasi- 
local integral domain (R, M) such that R* = R' is also one- 
dimensional quasilocal, (R : R*) = (0) and such that M is not 
divisorial. 

Let F be a field of finite characteristic p and let S be the additive 
submonoid of Q generated by the set of the numbers {n + 1 + ^r} for all 
natural numbers n > 0. Clearly, 2, 5 G S. Thus each natural number 
n > 4 belongs to S . 

Consider the monoid domain F[S] = F[X S ], where X s = {X s | s G 
S}, and set M = X S \^F[S] and R = F[S] M . 

For n > 4, since n G S, then X n G R. In particular this shows 
directly that R is not seminormal, because X ^ R (cf. Proposition 

HTU). 
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In order to prove that R has the required properties, we need two 
Lemmas. 

Lemma 2.1. 

(1) For n > 0, if m is a sufficiently large positive integer, then 

m a Q 

(2) Let q be a rational number. Ifq + s G S for each nonzero s G S, 
then q G S. 

(3) If q is a rational number, then q + S for natural n ^> 0. 

Proof. (1) For natural k 0, the elements ^ = k and fc2 ^ n +1 = 
(k — n — 1) + (n + 1 + 2^-) belong to S and the numerators 
of these two fractions are coprime positive integers. Thus, if 
m > 0, then § G S. 

(2) Let q = i, where a and 6 are integers, and b > 0. Let fc > 
max(g, 6) be an integer. Since u:=q + k + l + -^(zS, we have 

if = Xl^i( n «+l+2^") f° r some natural numbers ni < ■ • • < n m , 
not necessarily distinct. Since k > q, we have > k for at 
most one index i. Since k > b, we have m = | + A; + 1 + ^ = 
2^g, where ct and (3 are odd integers. The denominator of 

u = YlT=i( n i + 1 + ) as a recm ced fraction is at most 2 nm , 
thus n m > k, and rij < k for « < to. It follows that n m = k 

and that g = YlT=i( n i + 1 + 2^") G ^- 

(3) Let q — | , where a and 6 are integers, and 6 > 0. Let n > 
max(g, b) be an integer. Assume that q + G S, thus g + = 
Y^iLi{ n i + 1 + 2^") ^ or some natural numbers rt\ < • • • < n m . 
Since 2 n divides the denominator of q + ^ written as a reduced 
fraction, we see that n m > n. Thus n m + 1 + > n + > 
g + a contradiction. 

□ 

Lemma 2.2. Let f be a nonzero element of R. Then, forn sufficiently 
large, f p " is associated in R with an element of the form X s for some 
s G S. 

Proof. We may assume that / belongs to the ideal M of F[S], so that 

/ = 0l X Sl + a 2 X S2 + ■■■ + a m X s ™, 

where s± < • • • < s m are elements of S, and the coefficients ai, . . . , a m 
are in F. We may further assume that a x = 1. We have 

f pn = X pnsi + afX pns2 + ■■■ + a P 2X pnSm 
= X pnsi (l + afX pn ^- s ^ + ■■■ + a P ZX p ^ Sm - s ^). 
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If n is sufficiently large, by Lemma EH) (1), we see that p n (si — si) G S, 
for i — 2, ■ ■ ■ , m and so 

1 + af X pn ^~^ + ■■■ + cCX pn ^- s ^ G F[S}. 

Hence f p " is associated in R with X p " Sl . □ 

Proposition 2.3. 

(1) R is one-dimensional. 

(2) R' = R* is one- dimensional quasilocal. 

(3) (R:R*) = (0). 

(4) The ideal M is not divisorial. 

(5) R is not integrally closed and has no strongly divisorial prime 
ideals. 

Proof. (I) If /, g are nonzero elements of M, then by Lemma 12.21 
there exist m, n G N such that f m and g n are associated. So 
^J~{f) = a/ (g) and R is one-dimensional (cf. [SJ Theorems 17.1 
and 21.4]). 

(2) By Lemma 12.11 (1) and by (HI Corollary 12.7], we easily ob- 
tain that R' = R* = F[X~^ \ m and n are positive integers]^, 
where N is the maximal ideal generated by the elements X~ 
for positive integers m and n. Hence R* = R' is one-dimensional 
quasilocal. 

(3) Suppose th&tO^ f = ai X Sl +a 2 X S2 + --- + a m X s ™ e (R:R*), 
where ai ^ 0. Then, for n > 0, 1^ G i?*, but /J^ = 
ai X Sl+ 2^ + ■ • ■ ^ -R, since si + ^ ^ 5 by Lemma IO (3); a 
contradiction. 

(4) To show that M is not divisorial, it is enough to prove that 
(R:M)CR. 

Let t = £, where f,g E F[S], such that tM C i2. By 
Lemma 12.21 for n ^> 0, the element g p " is associated in R 
with an element of X . Since t = — -^n — , we may assume 
that t G F[G], where G is the group of quotients of S. Since 
M = X S \^R, it follows that t'M C M for all components 
t' G X G of t. Thus we may assume that t = X q , where q G G, 
thus q is a rational number. Since tX s G R, for each nonzero 
s G 5, by Lemma f2.ll (2) we obtain t G i?. 

(5) Since, as we have already observed, R is not seminormal, it is 
certainly not integrally closed. Since R is one dimensional and 
quasilocal and the unique maximal ideal M is not divisorial, 
there are no strongly divisorial prime ideals. 

□ 
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§ 2.2. A one-dimensional non-completely integrally closed quasi- 
local domain (R, M) such that R* is also one-dimensional quasi- 
local, (R : R*) 7^ (0), and such that M is not divisorial. 

Let X = {X n , | n > 1} be a set of indeterminates over a field F. We 
define u>(X n ) = i (the weight of X n ) for all n > 1. We extend the 
function w to the set of monomials in F[X] setting w^cX^ . . .X im ) = 
Y^j=i w {^-ii)i where c is a nonzero element of F and X i± . . .X im are 
indeterminates in the set X (ii, . . . ,i m not necessarily distinct). For a 
nonzero polynomial / G -F[X], we define w(f) to be the least weight 
of a monomial occurring in /. We let w(0) = oo. Clearly, w(fg) = 
w(f) + w(g) for any polynomials / and g. We uniquely extend the 
function w from F[X] \{0} to a function defined on F(X) and satisfying 
the above property for rational functions / and g. Using the weight w 
we naturally define a Q + -grading on F[X]: 

F[X] = F[X] q , 

qe<Q>+ 

where F[X] g is the set of w •-homogeneous forms of weight q, together 
with 0, that is, the F-linear combinations of monomials of weight q for 
q eQ + . If / = JJi=o T m e F l X l where < g < gi < • • • < ?r are 
rational numbers, and T qo , . . . , T Qr are w-homogeneous forms of weight 
q ,...,q r respectively, we set u>i n (f) = T qo (the w -initial form of /). 
We let Wi n (0) = 0. Clearly, w in (fg) = w in (f) w in (g) for any polynomials 
/ and g. Thus we may define w- m (^) = ^ hl |^ for any nonzero rational 
function ^, where / and g are nonzero polynomials. 

If q G Q , we denote by F(X)> q the set {/ G F(X)| w(f) > q}. 

Let A = F[X] +F(X)>i, and let P be the maximal ideal (X)F[X] + 
F(X)>i of A. Set R = A P , and M = PA P , thus (R, M) is a quasilocal 
domain with quotient field F(X). Moreover: 

Proposition 2.4. 

(1) R* = F(X)> and (R : R*) ^ (0). 

(2) R and R* are quasilocal and one- dimensional, and R* domi- 
nates R. 

(3) The ideal M is not divisorial. 

(4) R is not completely integrally closed and has no strongly divi- 
sorial prime ideals. 

Proof. (1) Clearly R C F(X)> . The domain F(X)> is com- 
pletely integrally closed. Indeed, let ^ f G F(X). If 
gf n G F(X)> for some nonzero g G F(X)> and all n > 1, 
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then w(gf n ) = w(g) + nw(f) > for all n > 1, which implies 
that w(f) > 0. It follows that / G F(X)>„. 

Since XiF(X)> C R, then F(X)> C R*. Hence R* = 
F(X)> , and (R : iT) ^ 0. 

(2) Clearly, A/" := F(X) >0 is the unique maximal ideal of F(X)> , 
and M := N fl R is the unique maximal ideal of R. If ci and 
C2 are nonzero elements in A" = F(X)>o, then, for sufficiently 
large n, we have w(—) > 1. Hence — £ R. This implies that 
both i? and _F(X)>o are one-dimensional since any element in 
R \ F(X) >0 is a unit in R. 

(3) Assume that the maximal ideal M of R is divisorial, i.e. (R : 
M)^R. 

Let /i be an element in -F(X) \ i? satisfying hM C i?. First 
we show that w m (h) G ^[X]. Otherwise we have u>(/i) < 1. 
Let m be a positive integer such that w(h) + ^ < 1. Choose 
n > m so that ft, G F{Xi, . . . , X„_i). Since X n G M, we have 
/iX n G M, and so there are an element u G 1 + (X)F[X] and 
a polynomial p G F[X] such that uhX n — p G F(X)>i. Since 
tt>i n (/iX n ) < 1, we obtain that w- m (p) = w in (uhX n ) = X n w- in {h). 
Since h G F(Xi, . . . , X n _i), we infer that w- m (h) G F[X], a 
contradiction. Hence Wi n (h) G i^[X] as claimed. For some 
m we have ft G F(X 1; . . . , X m ). Define inductively ft = ft 
and ft n+ i = h n - w- m (h n ). Clearly, h n G -F(X 1; . . .,X m ) \ R, 
h n M C i?, and w(h n+ i) > w(h n ) for all n > 0. It follows that 
^m(ftn) > 1, so ft n G i? for n 3> 0, a contradiction. 

(4) By part (1), R is not completely integrally closed; for example, 

E R* \ R. Further, as in the previous example, since R is 
one dimensional quasilocal and the unique maximal ideal M is 
not divisorial, there are no strongly divisorial prime ideals. 

□ 



§2.3. An infinite dimensional integrally closed non-completely 
integrally closed domain without strongly divisorial prime 
ideals such that (R : R*) ^ (0). 

To construct this example, we use some properties of the domain 
E = D[Z,±], where Z is an indeterminate over D and d G D is a 
nonzero element. This is isomorphic to the extended Rees Algebra 
D[dX, -L] of the nonzero principal ideal dD, via the correspondence 

We have Qf(E) = (Qf(D))(Z) and D — En Qf(D). 
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If (D : D*) (0), then E* = D*[Z,±] and (D : D*) C (E : 
E*). In fact, since .D* is completely integrally closed, then D*[Z, J?] is 
completely integrally closed |T, Theorem 8] and D*[Z, -|] C E*. 

The domain R is constructed in the following way. 

Let A be an integral domain such that A ^ A* and (A : A*) ^ (0), 
and let a be a nonzero element of (A : A*). 

Let T and T ei ___ En0 , for n > 1 and E\, . . . , e n £ {0, 1}, be independent 
indeterminates over A. 

Define inductively Ti = ^, and T £l . £nl = j^ 1 " ,e " q for n > 1 and set 
i? = A[T £l ... £n |n > 1 and e x ,...,e n e {0,1}]. 

We have R = IJ^Lo where Ro = A and 

i? n = A[T £l ,„ £k 1 1 < k < n and £i, . . . , e k £ {0, 1}] 
for each n > 1. 

Moreover the domain R n is obtained from A by constructing itera- 
tively extended Rees algebras of the type D[Z, -|]; in fact, 

R 1 = A[T ,T 1 ]=A[T ±] 

-to 

and, for n > 1, 

Rn+1 = Rn[Zl, • • • , ^2™, • • • ) J) 

where 

{Zi, . . . , Z^} = {T ei ... en0 | El,..., e n £ {0,1}} 
is a set of algebraically independent elements over R n , and 

{Ci, . . . ,C 2 n} = {T ei ... e „| £i, . . . ,E n £ {0, 1}} C i? n , 

because by definition T £ £n i = 3 1,,,E " . 

Setting _K" = Qf(^4) an d — Qf(-Rn) for n > 1 , we have i^ n+ i = 
K n (Zi,...,Z 2 n) and Qi(R) = U^=o^n- Since K n n R n+1 = R n , it 
follows that K n n i? = R n , for all n > 0. 

With this notation, we have: 
Proposition 2.5. 

(2) R is not completely integrally closed and a £ (R : R*). In 
particular (R : R*) ^ (0). 

(3) R has no strongly divisorial prime ideals. 
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(1) Let x G Qf(P) be almost integral over R and let d G R 
such that dx k G P, for all k > 0. Since x G Qf(P s ) and d E R t 
for some s, t > 0, then, for m sufficiently large, x G Qf(P m ) , 
d G R m and <ix fe G R fl Qf(P m ) = P m , for all /c > 0. Hence 

xeiCandiTCLELoK- 
The opposite inclusion is clear. 

If P = R*, then A* C R* n Qi(A) = R n Qf(A) = A . Since A 

is not completely integrally closed, neither is R. 

By hypothesis, a E (A : A*) and we have 

(A : A*) C (R 1 : P*) C (P 2 : R*) C . . . 

since P„ is obtained from A by constructing iteratively ex- 
tended Rees algebras of the type D[Z, -|]. 
To conclude it is enough to observe that 

oo oo 

\J(R n :R* n )c\J(R:R* n )C(R:R*). 

n=0 n=0 

This follows from (a): R* = \J^ =0 R* n . 

Actually, (R : R*) = {J™ =0 {R n ■ R*J- Indeed, let y G {R : 
R*). Eye Qi(Rm) , then yR* m C\Rn Qf(i? m ) = R m ■ Hence 
ye(R m : R* m ) and it follows that (R : if) C Ur=o( jR « : R n)- 
(3) Let P be a strongly divisorial prime ideal of R. Since P con- 
tains (R : i?*), by part (2), a G P. 

Since a = T Ti, either T or Ti belongs to P. We may 
assume that T G P since there is an automorphism of R over 
A interchanging T and Ti. Then, since T = T oT i G P, 
either Too o r Tbi belongs to P. Since there is an automorphism 
of R over A [To] interchanging Too and Toi, we may assume that 
Tdo ^ P- Iterating this process, we may assume that all the 
indeterminates T ,Too,T oo • • • are in P. Thus (R : P) C (R : 
{T),T 00 , •••})• 

We now prove that (P : {T ,T 00 , • • • }) — R, thus obtaining 
a contradiction. 

Let / G (R : {T ,T 00 , . . . }) and let n > such that / G 
Qf(P n ). As above, we can write 

Rn+l = Rn[Zl, . . . , Z 2 n, — , . . . , — — ], 

where we can assume that Z\ = T ...o- 

Hence fZ\ G Pfl Qf(P n+ i) = R n+ i- Since the indetermi- 
nates Zi, . . . , Z 2 « do not occur in /, setting all the Zj's equal 
to 1, we obtain that / G P n C P. 
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□ 

To finish, we show in Proposition 12.71 below that this domain can 
be chosen to satisfy or not either one of the conditions of being semi- 
normal, integrally closed or Archimedean. In the seminormal case the 
conductor (R : R*) is a radical strongly divisorial ideal of R (Lemma 
II. that is not an irredundant intersection of primes (Lemma II. 7j) . 

Lemma 2.6. Let D be an integral domain, al G D \ {0} and E = 
D[Z,±]. Then 

(1) E is seminormal if and only if D is seminormal. 

(2) E is Archimedean if and only if D is Archimedean. 

Proof. (1) Since D = E fl Qf(D), if E is seminormal, then D is 
seminormal. 

Conversely, assume that D is seminormal and let / G Qf(E) 
be such that f 2 , f G E. Since E C D[Z,±] and D[Z,±] is 
seminormal, then / G D[Z,j?}. Write / = J2i= m Ci ^ 1 - Since 
D[Z] C E, we can assume that m < 0. We have that f 2 = 
c 2 m Z 2m + g G E. Hence c 2 m G Dd} 2m \ and similarly c z m G Dd^. 
Since D is seminormal, we obtain that J^j G I? and so c m Z m G 
£. 

Repeating this process, we get that all the terms of / are in 
E and so / G E. 

(2) Since D = E fl Qf(D), if E is Archimedean, then £) is Archi- 
medean. 

Conversely, assume that D is Archimedean. Let f(Z),g(Z) 
be two nonzero Laurent polynomials in E such that g G Hn°=i 
Since the domain Qf (D)[Z, 4] is Notherian, so Archimedean, 
we see that / = cZ m for some element c G D and some integer 
m. Since the coefficients of g belong to fXi=i Dc n , we see that 
c is invertible in D. If m < 0, then clearly / is a unit in £7. If 
m > 0, then the coefficients of g belong to H^Li -D^ n - Hence d 
is a unit in D, Z is a unit in £, and / = cZ m is a unit in E. 
We conclude that £ is Archimedean. 

□ 

Proposition 2.7. 

(1) R is seminormal (resp. integrally closed) if and only if A is 
seminormal (resp. integrally closed). 

(2) R is Archimedean if and only if A is Archimedean. 
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Proof. (1) Since R = IJ^Lo-^ n > ^ ^ s enou gh to show that R n is 
seminormal (resp. integrally closed) if and only if R n+ i is semi- 
normal (resp. integrally closed), for each n > . 

This follows from the fact that the domain R n+ i is obtained 
from R n by constructing iteratively extended Rees algebras of 
principal ideals and from the fact that D[Z, -|] is seminormal 
(resp. integrally closed) if and only if D is seminormal (resp. 
integrally closed) by Lemma f2.6l (resp. Theorem 8]). 
(2) Since A — R D Qf(A) , if R is Archimedean, then A is Archi- 
medean. 

Conversely, assume that A is Archimedean. By Lemma f2.6| 
all the domains R m are Archimedean. 

Now let r be a nonzero element of R, and let c G HnLi Rf n - 
For some m > we have r, c G R m . Since Qf (R m ) OR — R m , 
we see that c G fl^Li Rm^™- Since i? m is Archimedean, we 
conclude that c = and that R is Archimedean. 

□ 
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